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For ion beam radiation therapy, the measurement of effective atomic numbers is necessary to 
know the material distribution in a human body: the range of ion beams entering the human 
body is influenced by the material distribution along their paths. Effective atomic numbers, 
however, cannot be measured at hospitals because monochromatic X-rays with different 
energies are necessary and are used only at synchrotron facilities. To make the effective 
atomic number measurements at hand, we propose energy-resolved computed tomography 
(CT) using a “transXend detector”. By assigning two narrow energy ranges in the unfolding 
process of the data obtained by the transXend detector, the effective atomic numbers for 
acrylic and aluminum can be estimated by energy-resolved CT. The estimated effective 
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 For ion beam radiotherapy, the knowledge of the electron density distribution in a 
patient is important to determine the range of incident ions. The electron density distribution 
is estimated using the effective atomic number distribution, which can be obtained by linear 
attenuation coefficients measured using computed tomography (CT) using two 
monochromatic X-rays with different energies. For a monochromatic X-ray, the distribution 
of μ/ρ × ρ* in the subject is obtained for X-rays with a specific energy, where μ/ρ is the 
mass-attenuation coefficient and ρ* is the density of the material. Monochromatic X-rays, 
however, can be used at synchrotron radiation facilities, but not at hospitals. The distribution 
of the electron density cannot be employed for cancer treatment planning at this stage.  
 We report on an energy-resolved CT method using white X-rays, which were 
measured as electric current. The energy distribution of incident X-rays were obtained after 
analysis [1]. This method gives the X-ray energy distribution with arbitrarily chosen energy 
ranges. By narrowing the energy range, energy-resolved CT can therefore be performed using 
quasi-monochromatic X-rays. 
 This paper reports the resulting measurements of effective atomic numbers of acrylic 
and aluminum using energy-resolved CT. Acrylic and aluminum are the substitute materials 
for soft tissue and bone, respectively. These effective atomic numbers are compared with the 
ones measured by dual-energy and monochromatic X-ray CT. 
 
2. Estimation of effective atomic number 
 The effective atomic number can be estimated using the linear attenuation 
coefficients of a material μ(E) at two different energies [2]. The X-ray linear attenuation 
coefficient of a material at an energy E is described in terms of a photoelectric absorption 
cross-section τ(Ζ,Ε), a scattering cross-section σ(Ζ,Ε) and an electron-pair production 
  
cross-section κ(Ζ,Ε) as follows.  
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Here ρ, NA and A are the density, Avogadro’s number and atomic mass of the material, 
respectively. Among the three reactions described above, electron-pair production does not 
occur in the energy range of X-ray diagnosis. As a result, the ratio of the linear attenuation 
coefficient µ(Ε1)/µ(Ε2) is described as 
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In equation (2), the unknown value is the atomic number Z if the linear attenuation 
coefficients are measured by X-rays with energies E1 and E2. Using the relationship between 




3.1. Experimental setup 
 The experimental setup is shown in Figure 1. The X-ray tube (TRIX-150S, Toreck 
Co., Ltd., Japan) has a 2-mm-thick inherent Al filter to reduce low-energy X-rays. The tube 
voltage and current are 120 kVp and 2.4 mA, respectively. A Pb collimator with a diameter of 
5 mm and thickness of 5 mm is attached to the exit aperture of the X-ray tube. The transXend 
detector is placed at the end of the X-ray path.  
The transXend detector consists of four segment detectors made of Si(Li), which are 
aligned along the direction of X-ray incidence. The dimensions of the Si(Li) segment detector 
are 10 × 10 × 1 mm3. The Si(Li) segment detectors are operated without applying a bias 
voltage at room temperature. Furthermore, the transXend detector has a 58-µm-thick Sn filter 
in front of the third segment detector [3]. X-rays are measured as electric current by the 
  
segment detectors. After an unfolding process using previously obtained response functions, 
the X-ray energy distribution is estimated. In this study, six energy ranges are defined as 
shown in Table 1. The energy ranges E2 and E5 have the narrowest energy widths, 0.5 keV. 
We recognize X-rays in these two energy ranges as quasi-monochromatic. 
The response functions are obtained by measuring X-rays, which pass through 
aluminum and acrylic of known thicknesses. A step aluminum phantom is placed between the 
X-ray tube and the transXend detector. The thicknesses of the step aluminum phantom change 
from 1–4 mm in 1-mm intervals in the direction of the X-ray path. In addition, the thickness 
of acrylic is changed from 0–30 mm using acrylic slabs with thicknesses of 10 mm. By 
expressing the thickness of aluminum and acrylic as k (k = 0, 4) and l (l = 0, 3), respectively, 
the phantom is described as m = (k, l).  
 The response functions Ri,j are obtained by unfolding the following matrix equation 
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Here, Ii,m is the electric current measured by the i-th (i = 1, 4) segment detector when the 
phantom condition is m. Yj,m represents the calculated X-ray events in the energy range Ej 
after passing the phantom m, and the X-ray energy spectrum is calculated by the formula of 
Birch et al. [5]. Ri,j is the response function of the segment detector i in the energy range j. 
By interpolating the measured current as a function of acrylic thickness, the response 




3.2 CT measurements  
The experimental setup for CT measurements is the same as the one shown in Figure 1, 
but the aluminum phantom and acrylic slabs are replaced by a cylindrical acrylic phantom 
with a diameter of 20 mm. The cylindrical phantom has a 2-mm diameter aluminum rod in the 
center as shown in Figure 2. CT measurements are performed by the first-generation CT, i.e., 
by translating and rotating the phantom. The translation (x) was carried out with steps of 0.2 
mm and was repeated 115 times. The translation data was duplicated 17 times to have rotation 
data for every 10° as the phantom had axial symmetry. By duplicating translation data, the 
fluctuation of X-ray intensity as a function of elapsed time was avoided.     
Before starting the unfolding process, the X-ray path length was estimated for each 
measurement point (x, θ) using the CT image obtained with the current-measurement CT data. 
The X-ray path length was necessary to choose response functions that were prepared as a 
function of the acrylic thickness through which the X-rays passed. With measured electric 
current data, the X-ray energy distribution for each measurement point was calculated by 
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Here, n is the measurement point for a given (x, θ). Ii,n is the electric current value measured 
by the i-th segment detector at measurement point n. Yj,n denotes the X-ray events in the 
energy range Ej after passing the phantom at measurement point n. CT images are 





3.3 Dual-energy CT 
   The dual-energy CT measurements are carried out with X-ray tube voltages of 60 
and 120 kVp. The tube currents are 2.0 mA. The phantom and the experimental setup of the 
dual-energy CT measurements are the same as described in the previous section. The CT 
images are reconstructed by the electric current values measured by the first segment detector 
of the transXend detector.  
 
4. Results and Discussion 
4.1 Effective atomic numbers 
 Figure 3 shows the energy-resolved CT images reconstructed using (a) Y2 and (b) Y5. 
The CT-values in Figure 3 are the values that are proportional to the linear attenuation 
coefficients; they are not expressed in Hounsfield units. By dividing the CT-values of Figure 
3 (a) by the corresponding values of Figure 3 (b), the linear attenuation coefficient ratios 
μ(E2)/μ(E5) are obtained. The profile of a linear attenuation coefficient ratio along the 
diameter is shown in Figure 4. Based on the table of the mass-attenuation coefficients of 
elements given by the National Institute of Standard and Technology [7], the graph of the 
relationship between the linear attenuation coefficient ratio μ(E2)/μ(E5) and atomic numbers is 
drawn in Figure 5. The ratios of linear attenuation coefficients of acrylic and aluminum are 
obtained by averaging them along the radii of 0.5 and 5.0 mm, which were 1.14±0.03 and 
1.56±0.01, respectively. Here, the errors 0.03 and 0.01 show the standard deviations of the 
ratios along the radii. With the experimental results obtained by energy-resolved CT, the 
effective atomic numbers of acrylic and aluminum are estimated as 6.70±0.54 and 12.9±0.11, 
respectively. The effective atomic number of acrylic is 6.47 in the literature [8].  
 The effective atomic numbers of acrylic and aluminum are obtained by dual-energy 
CT in the same way. The current CT images obtained by X-rays with tube voltages of (a) 60 
  
kVp and (b) 120 kVp are shown in Figure 6. The averaged energies of X-rays for each tube 
voltage are 35.0 and 52.5 keV, respectively. The profile of the ratio of the linear attenuation 
coefficients μ(35.0)/μ(52.5) along the diameter is shown in Figure 7. The averaged ratios of 
the linear attenuation coefficients of acrylic and aluminum are obtained in the same way as 
describe above, which were 1.29±0.21 and 1.82±0.01, respectively. The relationship between 
μ(35.0)/μ(52.5) and atomic numbers is shown in Figure 8. The effective atomic numbers of 
acrylic and aluminum measured by dual-energy CT are estimated as 6.43±0.21 and 9.96±0.03. 
 
4.2 Effective atomic numbers as a function of energy range width 
 The estimations of the effective atomic numbers described in the previous section 
were performed with the energy range width of 0.5 keV, i.e., 49.5–50.0 keV and 69.0–69.5 
keV. Keeping the upper limits of energy ranges constant, i.e., 50.0 and 69.5 keV, the 
estimation of the effective atomic numbers are carried out while changing the energy range 
widths: 1, 5, 10 and 15 keV. The CT images, the ratios of linear attenuation coefficients and 
the graphs of the relationships between linear attenuation coefficient and atomic numbers are 
made for each energy range width following the procedure described in Section 4.1. The 
estimation results are shown in Figure 9.   
 In the same way, the effective atomic numbers are obtained for the same energy 
widths described above by calculation. The atomic numbers obtained by calculations have 
nearly the same values despite the employed energy range widths. On the other hand, 
experimentally obtained atomic numbers showed a slight energy width dependence: by using 
wide energy widths, the estimated atomic numbers deviate from the correct ones. The reason 
for this energy width dependence is not understood. The fact that the estimated atomic 
numbers showed constant values with the employed energy width of < 5 keV, however, is 
encouraging in that it shows that monochromatic X-rays are not always necessary for the 
  
estimation of atomic numbers. 
 
4.3. Comparison of energy-resolved, dual-energy and monochromatic X-ray CTs 
 The effective atomic number of water measured by monochromatic X-ray CT was 
reported by Torikoshi et al. [2]. They carried out measurements using monochromatic X-rays 
with energies of 40 and 70 keV. The rotation angle and translation steps were 0.8° and 1 mm, 
respectively. The phantom was an ellipsoidal vessel of 12 × 16 cm2. The estimated and 
theoretical effective atomic numbers of water were 7.39 and 7.54, respectively. 
 Table 2 shows the estimated atomic numbers and relative errors obtained by 
energy-resolved, dual-energy and monochromatic X-ray CTs. The relative error is defined by 
|1-Zeff/Z|. Here Zeff and Z are the estimated and theoretical atomic numbers, respectively. For 
acrylic and water, the effective atomic numbers are estimated with the relative errors of a 
certain percentage by the three methods. On the other hand, the effective atomic number of 
aluminum measured by energy-resolved CT is far better than that by the dual-energy CT.  
For atomic number estimation using dual-energy CT, the averaged energy 𝐸𝐸�  is 
obtained by 
      𝐸𝐸� = ∫𝐸𝐸 ∙ 𝑌𝑌(𝐸𝐸)𝑑𝑑𝐸𝐸 ∫𝑌𝑌(𝐸𝐸)𝑑𝑑𝐸𝐸⁄ .                                        (5) 
The measured linear attenuation coefficient ?̅?𝜇 is represented by     ?̅?𝜇 = ∫𝜇𝜇(𝐸𝐸)𝑌𝑌(𝐸𝐸)𝑑𝑑𝐸𝐸 ∫𝑌𝑌(𝐸𝐸)𝑑𝑑𝐸𝐸⁄ .                                   (6) 
The spectrum weighted averages of the energy and the linear attenuation coefficient have 
those values at different energies. This is the reason why the relative errors are larger in the 
measurements using dual-energy CT: the small error for acrylic was obtained by chance. 
 
5. Conclusion 
 Measurements of effective atomic numbers are typically performed by CT 
  
measurements with two different monochromatic energies or two tube voltages. The 
energy-resolved CT with the transXend detector enabled measurement of effective atomic 
numbers with white X-rays and only one exposure. The obtained results were comparable 
with those measured with monochromatic X-rays. 
 In the future, effective atomic number measurements using energy-resolved CT 
should be carried out for materials other than those employed for response function estimation 
and for compounds and mixtures.  
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Figure 1. Experimental setup for response function estimation. 
 
Figure 2. Schematic drawing of a cylindrical phantom. 
 
Figure 3. CT images obtained by X-rays in the energy ranges (a) E2 and (b) E5. 
 
Figure 4. Profile of the linear attenuation coefficients ratio along the diameter of the 
phantom. 
 
Figure 5. Relationship between µ(E2)/µ(E5) and atomic number. 
 
Figure 6. CT images obtained by current-measurement CT value with the X-ray tube 
voltages of (a) 60 kVp and (b) 120 kVp. 
 
Figure 7. Profile of the linear attenuation coefficients ratio along the diameter of the 
phantom using the dual-energy CT. 
  
 
Figure 8. Relationship between the ratio of linear attenuation coefficients and atomic 
number using dual-energy CT. 
 
Figure 9. The effective atomic numbers as a function of those obtained by 
experiments (solid) and simulation calculation (open) energy range width for aluminum 





Table 1 Assigned energy ranges (keV). 
E1 E2 E3 E4 E5 E6 





Table 2 Effective atomic numbers and their relative errors (RE) measured by energy-resolved, 
dual-energy and monochromatic X-ray CTs.  
 Energy-resolved Dual-energy Monochromatic 
 Zeff RE Zeff RE Zeff RE 
Aluminum 12.9±0.01 0.8 9.96±0.03 23   
Acrylic 6.70±0.54 3.6 6.43±0.21 0.6   







Figure 1. Experimental setup for response function estimation. 
Y. Yamashita: 







Figure 2. Schematic drawing of a cylindrical phantom.  
Y. Yamashita: 





Figure 3. CT images obtained by X-rays in the energy ranges (a)E2 and (b)E5. 
Y. Yamashita: 





























Figure 4. Profile of the linear attenuation coefficients ratio along the diameter of the 
phantom. 
Y. Yamashita: 


























Figure 5. Relationship between µ(E2)/µ(E5) and atomic number. 
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Figure 6. CT images obtained by current-measurement CT value with X-ray tube 
voltages of (a) 60 kVp and (b) 120 kVp. 
Y. Yamashita: 






























Figure 7. Profile of the linear attenuation coefficients ratio along the diameter of the 
phantom using dual-energy CT. 
Y. Yamashita: 





















Figure 8. Relationship between the ratio of linear attenuation coefficients and atomic 
number using dual-energy CT. 
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Figure 9. The effective atomic numbers as a function of those obtained by 
experiments (solid) and simulation calculation (open) energy range width for aluminum 
(squares) and acrylic (diamonds). 
Y. Yamashita: 
Measurement of effective atomic numbers using energy-resolved computed tomography 
 
 
 
